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Se presenta un sencillo modelo dinámico para analizar la sustitución de recursos no 
renovables por renovables en la producción, y las consecuencias de esta sustitución 
para la sostenibilidad. Destacamos la importancia de la elasticidad de sustitución 
(componente técnico) para determinar el ajuste de cada sector en respuesta a la 
escasez y la capacidad de regeneración de los recursos (componente ambiental). En 
algunos casos, el modelo predice una sustitución suave de recursos no renovables 
por renovables, pero (de modo sorpresivo), este proceso también podría funcionar 
en la dirección contraria, si los recursos renovables están por encima de su nivel de 
máximo rendimiento sustentable y, por tanto, su crecimiento marginal natural es 
negativo. Si las posibilidades de sustitución son suficientemente buenas, podría ser 
óptimo interrumpir la extracción de un recurso para permitir la regeneración de su 
biomasa. Se muestra analíticamente que es tanto más probable que un proceso de 
producción sea sostenible cuanto más dependa de recursos renovables en vez de 
no renovables. 
 





We present a simple dynamic model to get some key insights about the substitution 
of renewable for nonrenewable resources in production and the consequences for 
sustainability. We highlight the role of the elasticity of substitution (technological 
component) to determine the adjustment of every sector as a response to scarcity 
and growing ability of resources (environmental component). Sometimes, the 
model predicts a smooth substitution of renewable resources for nonrenewables, 
but this process could work in the opposite direction if renewable resources are 
temporarily beyond their maximum sustainable yield, so that their marginal natural 
growth is negative. If substitution possibilities are high enough, it may be optimal 
to suspend the extraction of a resource, for example, to allow for regeneration of 
the biomass. We show analytically that a production process is more likely to be 
sustainable the more heavily it depends on renewable, rather than nonrenewable 
resources. 
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 1 Introduction
The substitution of renewable for exhaustible resources is currently an increasingly important environ-
mental and economic issue. Firstly, from the point of view of energy and climate change, the nations
that signed the Kyoto protocol at the end of 1997 committed to limit their emissions of carbon dioxide
and other greenhouse gases. As these gases are primarily generated from the combustion of fossil fuels,
fulﬁlling the Kyoto commitments requires that the amount of energy obtained from (nonrenewable) fossil
fuels is reduced and partly replaced by renewable substitutes (see Chakravorty, Roumasset and Tse, 1997;
Tahvonen and Salo, 2001; Gerlagh and Zwaan, 2003). Secondly, from the perspective of sustainability,
the substitution of renewable for nonrenewable resources is supposed to be a key strategy to prevent the
stock of natural capital from declining and disappearing in the long run (Daly, 1990).
In this paper, we study and formalize, in the context of a simple dynamic model, some basic economic
principles concerning the substitution of renewable for nonrenewable resources. Speciﬁcally, we focus
on the substitution of natural resources used as inputs for output production and we get some insights
about the economic consequences of such a substitution process for sustainability. As shown in Beckman
(1974, 1975) and Hartwick (1978a, 1978b, 1990), in most cases the production process does not depend
on a single natural resource, but on several resources or combinations of resources. Therefore, apart
from the whole quantity of resources employed, it is also necessary to determine the optimal substitution
among them. Furthermore, it is interesting to note that, depending on the case, production may hinge
on 1) diﬀerent types of nonrenewable resources, as is the case for energy generation from oil or coal, or
manufacturing cars from diﬀerent metal combinations; 2) on both renewable and nonrenewable resources,
for example, renewable versus nonrenewable energy sources, combining some metals with wood or making
packages from paper and plastic; or 3) on diﬀerent types of renewable resources at the same time: making
furniture from diﬀerent types of wood, managing diﬀerent ﬁshing species or choosing among diﬀerent
renewable energy sources (such as hydraulic or solar). Hartwick (1978a) obtains some theoretical results
regarding substitution among nonrenewable resources in production but, to the best of our knowledge,
the substitution of diﬀerent kinds of resources has not been systematically studied in economics. The
growing awareness and interest about renewable resources suggest the need for studying the joint use and
substitution of renewable and nonrenewable resources, and also the combination of diﬀerent renewable
resources.
Natural resource management is typically addressed in economics as a dynamic problem essentially
consisting of ﬁnding an optimal extraction path. Nevertheless, the dynamic nature of renewable and
nonrenewable resource problems is qualitatively diﬀerent. The problem of optimally managing a nonre-
newable resource can be understood as a cake-eating problem, since the total amount of resource is given
by the natural reserves. In the case of renewables, there is an additional dynamic issue concerning the
(possibility of) long run conservation of the resource. Since both types of resources give rise to qualita-
tively diﬀerent economic issues, the analysis of both of them have largely evolved as two separate branches
in the economic literature, and most articles focus on just renewable or just nonrenewable resources. A
notable exception is the interesting paper by Tahvonen and Salo (2001), which is the closest article to
ours. Tahvonen and Salo present a model in which energy can be produced using fossil fuels and renewable
sources. A remarkable result is that, because resource extraction costs are initially high, as compared
to the marginal cost or using renewable resources, while the capital stock is low, the economy produces
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growth process goes on, the increase in energy requirements makes it optimal to use both renewables and
non-renewables in an increasing pattern. In the long run, as the stock of the non-renewable resource runs
low, the scarcity price becomes more and more important so the extraction pattern for nonrenewables
turns down. Gerlagh and Zwaan (2003) use a computable general equilibrium (CGE) model including
carbon and non-carbon technologies to evaluate the costs and eﬀects on consumption and energy demand
of limiting the average global atmospheric temperature increase to 2 degrees. Tsur and Zemel (2003)
study the optimal transition from a primary, nonrenewable resource to a backstop substitute. Swallow
(1990) studies the joint exploitation of a renewable and a nonrenewable resource when the interaction
between both resources happens through the natural growth rate of the renewable resource, but the
production process is not addressed.
This paper seeks to oﬀer a simple uniﬁed framework to obtain some insight about the key economic
features of the use and substitution of both renewable and nonrenewable resources in production. Our
analysis focuses on two essential elements that, to best of our knowledge, have never been systematically
studied together in the economics literature. The ﬁrst one is the natural growth ability, which makes
the main diﬀerence between both types of resources. We explicitly include in the model a natural
growth function to account for the fact that, unlike nonrenewables, the stock of a renewable resource can
regenerate and grow by natural means, when a suitable management policy is applied. In Tahvonen and
Salo’s paper, renewable resources are modelled as having a potentially inﬁnite supply with an increasing
and convex cost function, so that no explicit attention is paid to the stock of renewable resources and
its growth. Such an approach could be suitable for solar energy but not for biomass, timber or other
biological resources. Taking the stock into account allows us to consider a number of speciﬁc situations
that can be relevant in practice for some resources. For example, we illustrate a case in which the stock
of a renewable resource has dropped because of overexploitation, and it may be optimal to temporarily
suspend extraction in order to allow the resource biomass to regenerate.
The second element to determine resource substitution has to do with technical substitution pos-
sibilities. There are some situations in which it is easy (from a technological perspective) to replace a
nonrenewable resource with a renewable one. For example, it is relatively easy to substitute biofuels, such
as ethanol or biodiesel, for polluting fuels and additives in transportation (see, for example, U.S.DOE,
2000; Rask, 1998; Harrington and McConell, 2003). In other cases, although there are some substitution
possibilities, the replacement is rather costly and it is not easy to perform in an agile and ﬂexible way. For
example, we expect renewable energy sources, such as solar, hydraulic or biomass to be able to replace
fossil fuels in the electric power generation sector but, up to now, this substitution process has only been
made to a rather limited extent (see Darmstadter, 2001; EIA, 2003), maybe partially because it takes
time to replace and adapt big power stations, apart from other technical and economic rigidities. Finally,
there are some cases in which nonrenewable resources are virtually non-replaceable. That is the case, for
example, of metals used for the construction of cars and planes, or some building materials. Therefore,
when talking about resource substitution, it is crucial to specify what activity sectors we are addressing
and what is the relevant technology. We seek to highlight the relevance of technological ﬂexibility, which
is represented, from a theoretical perspective, by means of the elasticity of substitution. Tahvonen and
Salo stick to the case where renewable and non-renewable resources are perfect substitutes implying that
the elasticity of substitution is inﬁnity. As we consider any possible value of the elasticity of substitution,
3our paper can be seen, in this sense, as a generalization of Tahvonen and Salo’s model1.
In this paper, we show how the elasticity of substitution, which is a purely technical element, interacts
with the growing ability of natural resources, which is a purely environmental element, to determine the
equilibrium (and optimal) substitution of resources. Although the most intuitive and plausible trend is
that of renewable resources substituting for nonrenewables in a smooth way, we show that the interaction
of these two elements may give rise, under certain circumstances, to some apparently surprising situations,
such as nonrenewable resources temporarily substituting for renewables, or it being optimal to suspend
the extraction of a renewable resource for some period.
The remainder has the following structure: in section 2, we present a model where production de-
pends on diﬀerent natural resources, including the possibility of such resources being renewable and/or
nonrenewable. We deliberately construct a very simple model in order to highlight the role of the key
elements we are interested in. The general solution is discussed stressing the time properties of resource
substitution (subsection 2.1) and output path (subsection 2.2). The results show that, in an interior
solution, the relative use of resources evolves according to an environmental factor (the diﬀerence be-
tween both resources’ natural growth) and a technological factor (the technical ﬂexibility, as measured
by the elasticity of substitution). The optimal output path obtained from two natural resources follows
an equation similar to the classical Ramsey rule of economic growth models, where the role of physical
capital productivity is played by the marginal productivity of natural capital. Some explicit attention is
paid to corner solutions (implying zero extraction rate for some resource), which may arise if the marginal
utility of a resource is lower than the marginal valuation of its conservation for future use.
In section 3 we study, as a benchmark case, a situation in which production depends only on non-
renewable resources. The results show that, when both resources are nonrenewable, it is optimal to use
them in a constant proportion to each other, depending on their scarcity and their weight in produc-
tion, while output necessarily decreases throughout the solution. To get some further insight, we solve a
particular example with a Cobb-Douglas production function.
In section 4 we analyze the optimal combination of a renewable and non-renewable resource. We show
that the optimal resource intensity evolves depending on the marginal natural growth of the renewable.
If this marginal growth is positive (which typically happens when the stock is not too large), it is optimal
that the renewable resource substitutes the non-renewable one and this substitution may alleviate or
even prevent output from falling in the long run. The opposite may happen when the growth rate of
the renewable resource is negative (a situation that may typically happen when its stock is very large).
As a matter of fact, an economy is shown to be more likely to be sustainable the more heavily it hinges
on renewable rather than nonrenewable resources. We illustrate two diﬀerent possibilities: an interior
solution, when the elasticity of substitution is positive but ﬁnite and both resources are essential, implying
a smooth substitution process of renewable for nonrenewable resources; and a corner solution, when each
resource is non-essential, in which it is temporarily optimal to stick to nonrenewable resources and suspend
the extraction of a renewable resource to allow its stock to grow in the short run, although the situation
is reversed in the long run when the renewable stock has grown enough and the nonrenewable stock falls.
In section 5, we perform an analysis of the steady state with two renewable resources and we show that
the long run extraction rates of the resources are fully determined by environmental factors (regeneration
ability) and the discount rate, and they are not determined at all by the preferences or the production
1Nevertheless, their paper is more general than ours in the sense that they consider extraction costs and we do not.
4technology, although these components matter to determine the adjustment process throughout the
transitional dynamics.
In section 6 we make the model somewhat more general and realistic by including capital accumulation
and technical change. These additional elements add up to the possibilities of getting a sustainable
solution, although the main intuitions about resource substitution obtained in the previous sections still
hold.
Section 7 shows the main conclusions and section 8 is an appendix containing the proofs of all the
mathematical results of the paper.
2 Model, solution and economic interpretation
A closed economy produces a single homogeneous consumption good, whose quantity is denoted by Y ,
using two natural resources2 used as inputs in quantities X1 and X2, according to the production function
Y = F(X1,X 2), which is assumed to be continuously diﬀerentiable, increasing in both arguments, concave
and homogeneous of degree 1. In order to focus on the use and substitution of natural resources, in
this section we disregard other inputs, such as capital and labor. A plausible interpretation for this
simpliﬁcation consists of viewing Y as a natural composite intermediate good (say, energy) which will
be later combined with other inputs in a second production stage to get ﬁnal output. We illustrate this
interpretation in section 6.
Si (t) represents the stock of resource i (i =1 ,2) at time t and the time evolution of Si is given by
˙ Si (t)=gi (Si (t)) − Xi (t), (1)
where ˙ S denotes the derivative of S with respect to time, Xi (t) is the instantaneous extraction rate
of resource i and gi (Si) is the natural growth function of resource i, which we assume is continuously
diﬀerentiable, concave, and veriﬁes gi (0) = 0. As noted for example in Smith (1968), a nonrenewable
resource can be taken as a particular case with gi (Si) = 0 for any value of Si. Henceforth, by using
a generic function gi, we are implicitly considering the possibility of both renewable and nonrenewable
resources. Apart from stocks of speciﬁc resources, S1 and S2 can be interpreted in a broader sense as
environmental quality. Then, X1 and X2 could be alternatively interpreted as diﬀerent kinds of pollution
or the use of environmental services in production (see, for example, Copeland and Taylor, 2003) and
gi (Si) can be interpreted as the improvement in quality that can be achieved by the assimilative capacity
of the environment (see Smulders, 2000).
The whole output Y is consumed by a single consumer in the economy, whose preferences are rep-
resented by a continuously diﬀerentiable, strictly increasing and strictly concave utility function U(Y ).
As the model does not explicitly include any externality, the market equilibrium can be calculated by
2All the economic intuitions obtained in the paper apply to any arbitrary number of resources, but the analytical results
are more easily obtained if we stick to the simplest case with just two natural resources.







Y = F (X1,X 2),









δ being the time discount rate and S0
i the initial stock of resource i, which is exogenously given. To
simplify the notation, the time variable t is omitted when there is no ambiguity.
Although (P) is represented as an inﬁnite horizon problem, we do not preclude the possibility that
both resource stocks become exhausted at a given time3 T ∈ [0,∞), then from T on, we necessarily
have X1 = X2 = 0, in such a way that the objective functional of problem (P) can be rewritten as
R T
0 U(Y )e−δtdt.B e c a u s eT is not given a priori, but is a decision variable, (P) can be seen as a problem
with free horizon.
Note that problem (P) resembles a neoclassical optimal economic growth model with two activity
sectors, each one exploiting a diﬀerent natural resource, where the stocks of both resources play the
role of capital stocks and the natural growth functions gi play the role of two production functions. At
this stage, the model does not include capital accumulation, but the stocks of natural resources play a
similar role and we can refer to them as natural capital. In a capital accumulation model, a consumption-
investment, (or equivalently, present consumption-future consumption) decision is made. In a similar
way, a natural resource model states the alternative of extracting resources for present consumption or
conserving resources for future use4. It is also worth remarking on the diﬀerence in this model, with
two natural resources, to a standard growth model with capital and labor. In growth models, labor
is traditionally taken as an exogenously given variable, while in our case the use of both inputs are
endogenously determined.
Substituting the production function in the objective functional of problem (P), the current-value
Hamiltonian and the current-value Lagrangian are deﬁned as
H(S1,S 2,X 1,X 2,λ1,λ2)=U [F (X1,X 2)] +
2 X
i=1
{λi [gi (Si) − Xi]},a n d




where µi is the multiplier related to constraint Xi ≥ 0, λi is the costate variable related to the stock of
resource i, and it can be interpreted as the social valuation of a further unit of resource or, equivalently,
3T h ei s s u eo fr e s o u r c ed e p l e t i o ni su s u a l l ya d d r e s s e di nt h en o n r e n e w a b l er e s o u r c e( t r a d i t i o n a l l yc a l l e dexhaustible
resource) literature but tends to be disregarded in the renewable resource literature. Nevertheless, we know that renewable
resources are in fact subject to the possibility of depletion and, in many cases, this is an important concern in practice.
4There is a large literature relating to economic growth with natural resources and environmental problems. See, for
example, Stiglitz (1974a, 1974b), Tahvonen and Kuuluvainen (1991, 1993), Smulders (2000), Groth (2003) or Groth and
Schou (2003). See Clark (1990) or Hanley et al (1997) for a more detailed explanation of the capital-theoretic nature of
resource stocks.
6as the marginal social cost of extracting a unit of such a resource. In equilibrium, it is also the price of
resource i.
Together with (1) and the transversality conditions5, the necessary conditions for problem (P) are




FXi − λi + µi =0 , (3)
µiXi =0 , (4)
Xi,µ i ≥ 0,i =1 ,2.
Equation (2) can be written as ˆ λi = δ − g0
i(Si), where a hat over a variable denotes its growth rate.
This condition states the growth rate of the resource price as the diﬀerence between the discount rate
and the natural marginal growth. If resource i is nonrenewable, (2) collapses to the Hotelling rule ˆ λi = δ,
according to which, the shadow price of resource i grows at a constant rate equal to δ6.
It is convenient to comment on the diﬀerences between interior and corner solutions, which result in
diﬀerent economic and environmental implications. Whenever U
0
FXi < λi holds, that is, the marginal
utility of using resource i (deﬁned as its marginal productivity FXi times the marginal utility of consump-
tion) is smaller than the social valuation of maintaining such a resource for its future use (measured by
its shadow price), then from (3) we know that µi > 0, and because of (4), Xi = 0, so that it is optimal not
to employ any amount of resource i at all. This situation is likely to show up when it is very valuable to
conserve the resource (λi is high) and it is unlikely to appear when resource i is essential for production,
i.e. if Xi = 0 implies Y =0( i ns u c hac a s e ,Xi = 0 typically implies FXi = ∞). Tahvonen and Salo
(2001) illustrate an interesting corner solution where it is optimal not to use nonrenewable resources at all
for some time if the stock of capital of the economy is small and the unit extraction cost of nonrenewable
resources is larger than the marginal cost of using renewable resources. In section 4.2 we illustrate a
situation where it is optimal to temporarily suspend extraction of a renewable resource to allow its stock
to regenerate.
As for interior solutions, or the interior part of a solution, with X1, X2 > 0, from (4) we have µi =0 ,
so that (3) becomes
λi = U
0
FXi, i =1 ,2. (5)
Equation (5) states the usual equality between marginal utility and marginal cost for each resource
and dividing the equations for both resources, we obtain the traditional condition that equalizes the
marginal rate of technical substitution FX1/FX2 to the ratio of prices λ1/λ2.
The main properties of a solution to problem (P) refer to the optimal output path and the optimal
combination of resources employed for production. Such properties are discussed in sections 2.1 and 2.2
for interior solutions.
5Considering the time horizon as a free variable, the transversality condition for the terminal value of Si (T)i se−δTλi ≥ 0
with e−δT (λiSi)=0 , and the transverslity condition for T is e−δTH(T)=0 .
6Hotelling (1931).
72.1 Relative use of resources
Let us deﬁne the relative use of resources as the ratio x ≡ X1/X2. The following proposition states the
optimal dynamic evolution of x in an interior solution.
Proposition 1 In an interior solution for problem (P), x evolves according to the following equation:






represents the elasticity of substitution of the production function, and MRTS =
FX2/FX1 is the Marginal Rate of Technical Substitution between both resources.
Proof: see the appendix (subsection 8.1)¥
Equation (6) holds whatever the production function is and, in general, σ could be time-varying.
Nevertheless, in many cases in economics, the technology used is a particular case of a constant elasticity












, σ ≥ 0, 0 < α1,α2 < 1. (7)





and (6) immediately follows after taking
growth rates and using (2).
Let us consider the economic interpretation of proposition 1: throughout an (interior) solution for
problem (P), the evolution of x is determined by an environmental component -the diﬀerence between
the marginal growth of both resources- and a technological component -the elasticity of substitution of
the production function. Since we have assumed that the consumer’s utility does not depend on the
combination of resources employed, but only on the amount of ﬁnal good Y , the consumer’s preferences
are relevant to determine the optimal output path (see section 2.2) but not to determine the optimal
value of x, which turns out to be a purely technical and environmental problem.
Concerning the environmental component, (6) states that x should increase (decrease), or equivalently,
that X1 (X2) should grow faster than X2 (X1), if the marginal growth of resource 1 is larger (smaller)
than that of resource 2. As time goes on, the relative use of resources should shift towards the resource
that has a larger marginal natural growth and x should be constant if the marginal growth is the same for
all the resources. If we draw an analogy between the natural growth of a resource and the productivity of
capital, we conclude that the resource with a higher marginal productivity tends to be more intensively
used as time goes on.
The technological component, which is represented by σ, measures the technical ﬂexibility, or in other
words, the ability to substitute inputs in production. The higher the elasticity of substitution, the faster x
reacts to a diﬀerence between g0
1 and g0
2. Even if the marginal growth ability of a resource is much higher
than that of the other, the input combination can only be adjusted to respond to the environmental
component if technology is ﬂexible enough. This means that, for the same resources, the substitution
process could be very diﬀerent for diﬀerent economic sectors, depending on their technology. Assume
that a new renewable energy source is suddenly discovered. Even if this source is very interesting from an
environmental point of view, it is not very likely (and maybe it is not optimal) to be immediately adopted
in most industries, because such an adoption could be very costly if the production technology is not
8ready to adopt the new source. Consider the extreme case F (X1,X 2)=m i n{α1X1,α2X2},w h e nb o t h
resources are perfect complements with σ =0 7. In this case, production technology is absolutely rigid
and does not react at all to the environmental component. As a consequence, x remains at a constant
value given just by the technological component, independently of the natural growth of both resources.
The opposite happens for a linear production function F (X1,X 2)=a1X1+a2X2,w i t hσ = ∞, meaning
that both resources are perfect substitutes. Then there is a full immediate response to the environmental
component as illustrated in section 4.2. In the intermediate case of a Cobb-Douglas production function,
with σ = 1, equation (6) simpliﬁes to ˆ x = g0
1 (S1) − g0
2 (S2).
2.2 Optimal output path and extraction rates







2(S2) − δ], (8)




≥ 0, i =1 ,2, (9)




Proof: see section 8.2¥
Equation (8) is a generalization of the rule for a single renewable resource, ˆ Y = 1
η(Y ) [g0 (S) − δ], which
can be interpreted as a version of the Ramsey rule of a neoclassical optimal growth model, where the
marginal growth of the natural resource plays the role of the marginal productivity of capital. We can
label the stock S of the natural resource as natural capital and its marginal growth g0 (S)a st h em a r g i n a l
productivity of natural capital. Using the same analogy, (8) can also be interpreted as a version of the
Ramsey rule, where the stock of natural capital is given by the linear convex combination θ1S1 + θ2S2
and the marginal productivity of natural capital is given by θ1g0
1 (S1)+θ2g0
2 (S2), where each resource is
weighted by its share8 θi. Recall that θ1 + θ2 =1f o rF being homogeneous of degree 1.
Equation (8) states that, throughout the optimal solution, output grows with the diﬀerence between
the marginal productivity of natural capital and the discount rate δ. Then, the condition for output to
be nondecreasing is that the marginal productivity of natural capital is high enough or, in other words,
the aggregate stock of natural resources grows fast enough. Otherwise, output is necessarily decreasing.
If marginal productivity of natural capital diﬀers from the discount rate, output increases or decreases
at a speed which is negatively related to the concavity of U,a sm e a s u r e db yη(Y ).
7Note that this function is not diﬀerentiable so that the results shown above do not directly apply. Nevertheless, the
perfect complements case can be regarded as an extreme case of the general result, taking limits when σ tends to 0 in a
CES function (7).
8Recall that θi can also be interpreted as the elasticity of output with respecto to input i or the return to input i, i.e., a
measure of the relative increment of production with respect to increments in the use of input i (see, for example, Nadiri,
1982).
9From (6) and (8), we get the following equations that rule the evolution of the resource extraction












2 (S2) − δ], (11)
where γ11 + γ12 = γ21 + γ22 = 1. Equations (10) and (11) state that X1 and X2 evolve depending on
the diﬀerence between a linear convex combination of both resources’ growth and the discount rate, and
their evolution is smoother when the intertemporal substitution elasticity, 1/η(Y ), is lower.
The results obtained so far apply to any combination of renewable and nonrenewable resources.
Nevertheless, there are some interesting particular properties concerning every particular combination
which are discussed in the following sections.
3 Production with two nonrenewable resources
The case with two nonrenewable resources has already been addressed in the literature from slightly
diﬀerent perspectives10. Given that our purpose is to oﬀer a uniﬁed framework to study all the possible
combinations of renewable and nonrenewable resources, we consider this case as a comparison pattern for
more complex and more interesting models with both renewable and non renewable resources. Equation
(6) shows that, if both resources are nonrenewable, then ˙ x =0s ot h a tx remains constant throughout
the solution, or equivalently, the use of both resources increases (or decreases) at the same rate. The
speciﬁc value of x is characterized by proposition 3.
Proposition 3 In an interior solution for problem (P), if both resources are nonrenewable, the relative





where θ1 and θ2 are deﬁned in (9) and Λ ≡ λ2/λ1 is the ratio of the shadow price of both resources.
Furthermore, Λ remains constant and Λ = FX2/FX1 holds throughout the solution.
Proof: see section 8.3¥
The relative price Λ can be interpreted as a non-dimensional measure of the relative valuation of both
resources and, given that economic valuation is linked to scarcity, Λ can also be interpreted as a measure
of relative scarcity. From proposition 3 we know that, if both resources are nonrenewable, this measure
remains constant throughout the solution. As a consequence, X1 and X2 a r eu s e di ns u c haw a yt h a tt h e
Marginal Rate of Technical Substitution is also constant.
A c c o r d i n gt oe q u a t ion (12), the ratio x is given by the product of the ratio θ1/θ2,w h i c hi sam e a s u r e
of the relative share of both resources in production, and Λ, which is a measure of relative valuation or
9Deriving F (X1,X 2) with respect to t and dividing by F (X1,X 2), we obtain ˆ Y = θ1 ˆ X1 + θ2 ˆ X2.U s i n gˆ x = ˆ X1 − ˆ X2,
(6) and (8), and rearranging, we get (10) and (11), where γii = θi + θjη(Y )σ, γij = θj (1 − η(Y )σ), i,j =1 ,2,i6= j.
10Beckman (1974, 1975) studies a particular case with a Cobb-Douglas production function and logarithmic utility
function, instead of generic functions F and U. Hartwick (1978a) focuses on eﬃcient, not necessarily optimal paths.
10relative scarcity. The greater the weight of resource 1 in production with respect to 2, and the scarcer
resource 2 with respect to 1, the higher the optimal value of x.
When g1 (S1)=g2 (S2) = 0, from (8), (10) and (11) we know that ˆ Y = ˆ X1 = ˆ X2 = −δ/η(Y ) < 0,
so that output and the extraction rate of both resources decrease at the same rate. Such reduction is
faster the higher the discount rate and the elasticity of intertemporal substitution. For high values of δ,
present and near future weight very strongly with respect to the distant future in the objective function,
so that it is optimal to extract resources very intensively at the beginning of the time horizon, implying
that the stock reduces faster. For high values of η(Y ), the utility function is very concave and smooth
consumption paths are preferred (low elasticity of substitution). As a consequence, an increase of the
discount rate δ leads to an increase in the speed of resource extraction, meaning that output initially
increases but it decreases in the long run. The opposite holds for η(Y ).
In those industries in which technology is very rigid in the sense that it hinges on very speciﬁc
input combinations, the relevant value of x will be determined just by technological reasons. In the
extreme case of perfect complements, F (X1,X 2)=m i n {α1X1,α2X2},t h ev a l u eo fx throughout the
solution is given by x = a2/a1, irrespective of the scarcity of resources. In the case of perfect substitutes,
F (X1,X 2)=α1X1 + α2X2, x could be time-varying and there is an indeterminacy since the speciﬁc
amount of each resource used in production is irrelevant, and all that matters is the total (weighted)
amount of resources, α1X1 + α2X2.
In section 3.1, we illustrate the intermediate Cobb-Douglas case, with positive but ﬁnite elasticity of
substitution (σ = 1), and we show that the optimal value of x is fully determined by the initial stock of
resources.
3.1 Example: the Cobb-Douglas Case




2 ,w i t hα1 +
α2 = 1. Note that αi has exactly the same interpretation as the coeﬃcients θi deﬁned above, so that,




/(1 − η) with constant intertemporal substitution elasticity equal to 1/η > 0.
The optimal extraction rate of resource i is given by Xi = Aie−δt/η,w h e r eAi = δS0
i /η > 0( s e e
the derivation in the appendix, subsection 8.4). Substituting these expressions for X1 and X2 in the












Therefore, X1, X2 and Y are always positive and decrease at a constant rate δ/η. Dividing X1 by
X2, we conclude that the optimal value of the relative resource intensity is fully determined by the initial
stocks of resources: x = S0
1/S0
2.
Some comparative dynamics exercises to study the eﬀect of the parameters on the solution may
be interesting to obtain some economic conclusions about the proﬁtability of technical changes and
exploration for new reserves. The eﬀects on x are trivial since this ratio only depends on S0
1 and S0
2.T h e
rest of the parameters aﬀect X1 and X2 in the same direction and intensity, so that it is enough to study
their aggregated impact on Y .
11Firstly, it is interesting to note that the eﬀect of α1 is ambiguous and depends on the initial resource
stocks in such a way that ∂Y/∂α1 ≥ 0i fa n do n l yi fS0
1 ≥ S0
2, meaning that an increment in the share of the
most abundant (scarce) resource, causes output to increase (decrease) throughout the solution, implying
that those technologies intensively depending on abundant resources allow us to obtain more output than
technologies mainly depending on scarce resources. So, any technical change that allows technology to be
relatively more dependent on abundant resources will allow output to be unambiguously higher forever.
From (13) we can also conclude that the discovery of new reserves of a resource (i.e., an increment in the
initial stock S0
i ) leads to augmenting the extraction rate of such a resource and hence to shift the whole
output path upwards. The more intense the weight of such resource in production (as measured by αi),
the larger the shift.
Concerning δ and η, the statements made for the general case in section 3 hold in this case: an
increase of the discount rate δ leads to an increase in the speed of resource extraction, implying that
output increases in the short term but it decreases in the long term, and the reverse holds for η.I nt h i s
case we can precisely identify the meaning of short term and long term. Speciﬁcally, ∂Y/∂δ ≥ 0a n d
∂Y/∂η ≤ 0( ∂Y/∂δ ≤ 0a n d∂Y/∂η ≥ 0) iﬀ t ≤ t∗ (t ≥ t∗), where t∗ ≡ η/δ.
4 Production with renewable and nonrenewable resources
The most interesting case of the general model (P) presented above is the one which deals with one re-
newable and one nonrenewable resource. This combination can give us some economic intuition about the
substitution of renewable energy from nonrenewable hydrocarbons or, in general, substituting renewable
for nonrenewable resources.
Assume that resource 2 is renewable and resource 1 is nonrenewable11. From a microeconomic point
of view, the resulting model can be suited to represent a situation concerning some particular renewable
resource versus a nonrenewable one (say, hydraulic energy versus oil, wood versus metal, paper versus
plastic, etc.) and to study the optimal use and substitution of such speciﬁc resources. From a macroeco-
nomic perspective, given that natural growth is the only intrinsic property of resources we are interested
in, we can interpret resource 1 (2) as an aggregate of all the nonrenewable (renewable) resources existing
in the economy which are relevant for production. In the latter case the results would refer to the optimal
resource use and substitution ability of the economy as a whole.
In this case, it is particularly interesting to notice the diﬀerence between interior solutions (where
both resources are used at the same time) and corner solutions (in which the amount extracted of any
of the resources is zero for some period). Let us look ﬁrst at the economic conclusions that can be
made from interior solutions. If resource 1 is nonrenewable, then g1 (S1) = 0 and equation (6) becomes
ˆ x = −σg0
2(S2), from which, we conclude that the sign and speed of the time evolution of x is given just
by the marginal growth of resource 2 and the elasticity of substitution of technology. If g0
2(S2) > 0, this
equation states that x decreases through time. The interpretation of this result is that it is optimal for the
renewable resource to be more and more intensively used with respect to the nonrenewable resource. The
more ﬂexible the technology (as measured by the elasticity of substitution σ), the faster this substitution
process. If technology were perfectly rigid, with σ =0 ,t h e n˙ x = 0 and x would necessarily remain
constant despite the natural growing ability of resource 2.
11Given the symmetry of the model, this distinction is arbitrary.
12A somewhat paradoxical situation concerning resource substitution may arise in a particular case in
which g0
2 (S2) < 0. This situation can be interpreted as the biomass of resource 2 being beyond the
level providing its maximum sustainable yield, so that additional biomass increments cause the natural
growth process to slow down. In this case, it may be optimal to intensify initially the exploitation of
resource 2 (in order to reduce its biomass and get larger natural growth rates in the future) and to reduce
its extraction rate later on, so that, in the short run it may be optimal that the nonrenewable resource
replaces the renewable, although this trend is likely to reverse in the long run as the stock of resource 2
approaches its maximum sustainable yield level.
Since resource 1 is nonrenewable and g0
1 = 0, no natural return is obtained from its conservation and
the marginal productivity of natural capital turns out to be equal to the (weighted) return of resource
2, θ2g0
2 (S2). In an extreme situation in which the production process fully depends on resource 2, and
consequently θ1 =0 ,θ2 = 1, then the marginal productivity of natural capital would equal the marginal
natural growth of resource 2. Taking this fact into account, from (8) we conclude that the output path
may be time-increasing, constant or decreasing, depending on the sign of the diﬀerence θ2g0
2 (S2) − δ.
Such a path would be more increasing (or less decreasing) when the marginal growth of the renewable
resource is larger and such a resource has a greater weight on the production technology. Note the
economic meaning of this result: when production depends just on nonrenewable resources, output is
necessarily decreasing (see section 3). The existence of a renewable resource could prevent output from
being decreasing, or make it more slowly decreasing. The smaller the marginal growth of resource 2 and its
weight on technology, the more similar this case becomes with respect to the one with two nonrenewable
resources.
One of the most common ways to formalize the idea of sustainability in economics is linked to the
possibility of obtaining a nondecreasing time path for output or consumption (see Hartwick, 1977). In this
simple model, since utility is fully determined by consumption, non-declining output or consumption is the
same as nondeclining utility, which is another common criterion for sustainability (see, for example, Pezzey
1992)12. Although the simple model developed so far (with no capital accumulation and technological
change) is limited in its ability to provide very general conclusions about sustainability, we can get some
conclusions about the contribution of (renewable and nonrenewable) natural resources for sustainability.
From section 3, we know that a production process which is fully dependent on nonrenewable resources
can not generate a nondeclining consumption or utility path, so that it is not sustainable in the long run.
From the results in this section, we conclude that a production process is more likely to be sustainable, the
more heavily it depends on renewable resources13. So equations (6) and (8) express, in a mathematical
way, the interest (and, in the long run, the need) to promote the research and use of renewable energy
sources, such as solar, hydraulic or wind energy to substitute nonrenewable energies, such as oil, coal and
atomic energy, from a sustainability perspective14.
12In this paper we are interested in those concepts of sustainability directly related to the impact of natural resources
for the long run performance of the economy, so we do not focus on sustainability concepts speciﬁcally related to social
preferences, such as the max-min criterion (see Solow, 1974) or giving a positive weight to the utility of generations in the
far future (see Chichilnisky, 1997).
13Note that production depending on renewable (rather than nonrenewable) resources is a fact that contributes to sus-
tainability, but it is not a suﬃcient condition. If society is impatient enough, an overexploitation of renewable resources
could deplete them and still leave future generations with nothing.
14Of course, a further reason for this substitution to be desirable, not explicitly addressed in this paper, is the fact that
nonrenewable energy sources are, in general, more intensively polluting than renewable sources.
13Finally, it is also worth paying some speciﬁc attention to corner solutions. Assume that, at a given
time, U
0
FXi < λi holds, that is, the marginal beneﬁt that society gets from using an additional amount
of resource i is smaller than the marginal beneﬁt of keeping such an amount for future use. Then from
(3) and (4), we know Xi = 0, so that it is optimal to stop the extraction of resource i,a tl e a s tf o r
some period. A situation where this possibility may arise is that in which a renewable resource has been
overexploited and it requires some time to regenerate (see section 4.2). In this case we typically have a
large value of the marginal growth rate g0
i (Si), as compared with δ, meaning that the social valuation λi
of the resource tends to decrease (see (2)) so that, when the stock Si has grown enough, then U
0
FXi < λi
does not hold any longer, and it becomes proﬁtable to start exploiting the resource. To illustrate both
interior and corner solutions, and their economic consequences for resource substitution, in subsection 4.1
we show a particular case with an interior solution, where a nonrenewable resource is smoothly replaced
by a renewable resource; and in subsection 4.2 we present a case in which a corner solution arises, meaning
that the substitution of resources could be optimally performed in a sudden way.
4.1 Interior solution: smooth resource substitution




2 , U (Y )=Y 1−η/(1 − η). Assume also that resource 1 is nonrenewable
and resource 2 is renewable with a constant growth rate φ2: g2 (S2)=φ2S2. Although perhaps this growth
function is not the most realistic one, it has the advantage of being simple enough to allow us to obtain
an analytical solution and to illustrate the main points in this section. Provided that both resources are
essential for production (as is the case when using a Cobb-Douglas production function), qualitatively
similar results could be obtained with a more complex growth function, like the logistic one used in
section 4.2, provided that the stock S2 is initially below the level that provides the maximum sustainable
yield. Make also the technical assumption δ > α2φ2 to ensure solution existence.
The solution for X1 and X2 is given by (see the appendix, subsection 8.5)
Xi = K1S0
i e−Kit > 0, (14)
where K1 > 0a n dK2 ≶ 0 are two combinations of the parameters of the model. Equation (14) shows
that X1 tends asymptotically to zero, whereas X2 may increase or decrease depending on the sign of K2.










η t > 0,
from which we get the output growth rate, ˆ Y =
1
η
[α2φ2 − δ] < 0, showing that output is decreasing,
but at a lower rate than in the case with two nonrenewable resources. Output decreases faster for lower
values of the natural growth rate φ2 and the renewable resource share α2, and for higher values of the
discount rate δ and temporal substitution elasticity 1/η. Dividing the X1 equation by the X2 equation,






e−φ2t, which depends positively on S0
1, and negatively on S0
2 and φ2,a n d
does not depend on the rest of the parameters. Taking growth rates, we know that ˆ x = −φ2, showing
that, throughout the solution, x decreases at a constant rate φ2,m e a n i n gt h a t ,i ft e c h n o l o g yi sr e l a t i v e l y
ﬂexible (σ = 1) it is optimal that the renewable resource substitutes for the nonrenewable in a smooth
way, at a constant rate which is higher the higher the growing ability of the renewable15.
15Note that, given the linear structure of the natural growth function, the maximum sustainable yield is inﬁnite and the
14It is illustrating to analyze the impact of an increase in the share of resource 1 (α1): output may
increase in the short run, if S0
1 is large enough as compared to S0
2, but in the long run, output will decrease
since production is more dependent on nonrenewable resources and less on renewables. Increasing φ2
leads to reducing short term, and to increasing long term resource extraction and output, in order to take
advantage, in the long term, of the larger natural growth ability. Nevertheless the timing of this impact
on X1, X2 and Y is diﬀerent (see the appendix for a more detailed discussion). The impacts of S0
1, S0
2,
δ and η on the solution are similar to those shown in section 3.1.
4.2 Corner solution: moratorium on resource extraction
Assume that the utility function is U (Y )=Y 1−η/(1 − η) and the production function is F (X1,X 2)=
a1X1+a2X2, meaning that both resources are perfect substitutes in production. In order to get a solution
with zero extraction of some resource and non-zero production, we need a production technology in which
such a resource is not essential16. Resource 1 is assumed to be nonrenewable (g1 (S1) = 0) and resource
2 is renewable according to the logistic growth function








where r is the intrinsic growth rate and K is the carrying capacity. We make the additional technical
assumptions r>δ to ensure the existence of an interior steady state, and S0
2 <K / 2 to illustrate a kind
of solution in which it is proﬁtable to wait for the renewable resource to grow.
Given the inverted-U shape of the logistic function, the natural growth rate is increasing in the stock
for S2 <K / 2, decreasing for S2 >K / 2, and S2 = K/2 is the point at which we get the maximum
sustainable yield (MSY hereafter), i.e., the value of the resource stock at which the growth rate g2 (S2)
is maximized (see, for example, Clark, 1990). This structure, together with the fact that both resources
are non-essential for production give rise to a particular shape for the optimal solution with three stages
corresponding to three diﬀerent extraction regimes, as illustrated in ﬁgure 1. The analytical solution is
obtained in the appendix (subsection 8.6).
INSERT FIGURE 1
Since S0
2 <K / 2, at the beginning of the planning horizon it turns out to be proﬁtable to delay the
extraction of the renewable resource, so that its stock is allowed to grow in order to provide larger growth
rates in the future. Speciﬁcally, it is optimal that the stock S2 reaches the MSY value as fast as possible,
providing a most rapid approach path (MRAP) policy for the variable S2, in the same spirit as the model
by Spence and Starrett (1975); see also Tsur and Zemel (2003) for an application to natural resources.
As a consequence, we have initially a corner solution with X1 > 0, X2 =0 ,u pt oas p e c i ﬁct i m et1 when
S2 (t1)=K/2.17 To put it another way, throughout the period [0,t 1] the price of resource 1, in terms
marginal natural growth g0
2 (S2)i sa l w a y sp o s i t i v e .A c c o r d i n gt o( 6 ) ,t h i sp r e c l u d e st h en o n r e n e w a b l er e s o u r c ef r o me v e r
substituting for the renewable.
16This requirement is met by a linear function, and more generally, it is also met by a CES function with elasticity of
substitution larger than 1.
17The opposite situation happens if S0






< 0). In this case, it would be optimal for production initially
to stick to the renewable resource, in order to make its stock decrease in the short run and obtain a larger sustainable yield
in the next future.
15of productivity, is lower than that of resource 2: λ1/a1 < λ2/a2, implying that it is optimal to produce
using just the nonrenewable resource and conserve the renewable. Since λ1 grows at constant rate equal
to δ, according to the Hotelling rule, and λ2 grows at a smaller rate, according to (2), the distance
between λ1/a1 and λ2/a2 decreases and both ratios coincide at time t1, when we enter the second stage
of the solution. The ﬁrst stage then collapses to a single nonrenewable resource problem. Throughout
the period [0,t 1] the optimal resource extraction rate X1 decreases at a constat rate equal to δ/η (and
so does output).








, ln denoting natural logarithm. Observe
that t1 is larger the larger is the distance from S0
2 to K/2 and it is lower the higher is the intrinsic
growth rate r .A t t = t1, it is not longer proﬁtable to allow S2 to keep growing, as we have reached
t h eM S Yv a l u ea n dg0
2 (S2) = 0. Then, we enter an interior solution region with X1, X2 > 018.I nt h i s
region, the stock of the renewable resource is constant at S2 = K/2 and its extraction rate is constant
at X2 = Kr /4. Since X2 has a jump of size rK/4a tt i m et1, X1 makes a downwards jump of size a2r
K/a14, to exactly oﬀset the former and prevent output from jumping. After that moment, X1 keeps on
decreasing at a rate δ/η.F r o mt1 to t2, the shadow prices of both resources grow at the same rate δ,s o
that λ1/a1 = λ2/a2 holds throughout the whole period.
The stock of resource 1 gets exhausted at time t2,w h e nw ee n t e rt h et h i r ds t a g eo ft h es o l u t i o n ,
characterized by X1 =0 ,X2 > 0 and, in the long run, production fully depends on the renewable
resource. This stage can be analyzed as a conventional renewable resource problem with initial condition
S2 (t2)=K/2. Initially the use of resource 2 rises to compensate for the lack of resource 1 and prevent
output from increasing. Then X2 progressively decreases as it converges to the (saddlepoint stable)




/4r , ¯ S2 =( K/2)(1 − δ/r). Observe that, as long as there is a
positive time preference (δ > 0), the steady state values of S2 and X2 are smaller than the MSY ones.
It is also worthy of note that the steady state is fully determined by the discount rate and the natural
growth parameters r and K, and it is independent of utility and technological parameters η, a1 and a2.
We show in section 5 that this result generally hold.
5 Two renewable resources: steady state analysis
A steady state of problem (P) is deﬁned as a set of sustainable values for the resource stocks (¯ S1, ¯ S2),
the extraction rates ( ¯ X1, ¯ X2) and the shadow prices (¯ λ1, ¯ λ2) such that, if those values are simultaneously
reached at a certain point of the optimal solution, they keep being constant forever, that is, ˙ X1 = ˙ X2 =
˙ Y = ˙ S1 = ˙ S2 = ˙ λ1 = ˙ λ2 = 0. The only situation in which it is possible to obtain a fully interior
steady state (that is, one in which both resource stocks and both resource extraction rates are positive)
arises when both resources are renewable given that if a resource i is nonrenewable, then Xi > 0i sn o t
compatible with ˙ Si =0 .
18If the growth function (15) is replaced by the constant-growth-rate function g2 (S2)=φ2S2,i tc a nb ep r o v e dt h a ti ti s
optimal to fully deplete the nonrenewable resource and then switch to the renewable because, given the linear structure of
the growth function, it is proﬁtable to delay the exploitation of the renewable resource as much as possible. In the present
example, this two-stages structure may arise if the stock of the nonrenewable resource is small enough, so that it is optimal
to fully deplete it in the horizon [0,t 1]. Since it is more realistic and also more interesting from an economic point of view,
we stick to the case in which there exists a region with interior solution.
16Using the deﬁnition of steady state in (1) and (2), an interior steady state is given by
gi (Si)=Xi, i =1 ,2, (16)
g0
1 = g0
2 = δ. (17)
The existence of an interior steady state is guaranteed if there exists a pair of positive values ¯ S1 > 0
and ¯ S2 > 0 such that ¯ S1 >g 1
¡¯ S1
¢
> 0, ¯ S2 >g 2
¡¯ S2
¢








= δ.T h o s e v a l u e s ,
if they exist, can be obtained from equations (17) and, using them in (16), they allow us to obtain the
steady state controls ¯ X1 and ¯ X2. By substitution in the production function, we have ¯ Y ,a n df r o m( 5 ) ,
we obtain the prices ¯ λ1 and ¯ λ2. If a steady state exists, a suﬃcient condition for it to be unique is g00
1,
g00
2 < 0. The following proposition states necessary and suﬃcient conditions for a steady state to be
locally saddlepoint stable:
Proposition 4 If the Hamiltonian of problem (P) is strictly concave, an interior steady state for problem









Proof: see appendix (subsection 8.7)¥








< 0, we obtain














< 0, i =1 ,2,
meaning that the higher the value of δ, the higher the weight of the present moment in the objective
function with respect to the future. So, for high values of δ, it becomes optimal to extract both resources
intensively in the early stage of the solution, reducing the available long run stock, and hence the steady
state stock. To make this stock sustainable, the resource extraction rates must also be smaller.
It is interesting to remark that, from (16) and (17), we can see that the steady state values of Xi and
Si do not depend on the speciﬁc utility and production functions, but the transition to steady state does
depend on such functions according to equations (6) and (8). The utility and production functions also
have inﬂuence on the steady state prices of the resources, λ1 and λ2, according to equations (5) and, of
course, production technology determines the steady state output ¯ Y .
6 Discussion: capital accumulation and technical change
In order to highlight the role of natural resources in production, and to focus on their optimal substitution,
in previous sections we have stuck to a very simple model where natural resources are the only relevant
inputs. Obviously, such an unrealistic assumption prevents us from considering some essential elements
when dealing with production and sustainability. To overcome this shortcoming, in this section we sketch
a more general and realistic model by incorporating technical change and capital accumulation, in order
to check the robustness of the main results obtained so far. We show that, despite some analytical
diﬀerences, the main economic insights obtained above qualitatively hold. For the sake of brevity, we do
not prove the equations displayed in this section. The proofs are similar to those shown in the appendix
(subsections 8.1 and 8.2) for the results in previous sections.
17Assume now that output is produced using physical capital K,e n e r g yE (or, more generally, energy
and materials) and technology A according to the production function Y = A.F (K,E). In turn, energy is
produced using natural resources X1 and X2, which can be renewable or nonrenewable, according to the








˙ K = A.F (K,E) − C − dK,
E = H (X1,X 2)









where C denotes consumption and d the depreciation rate of physical capital.
Firstly, after manipulation of the necessary conditions, we conclude that proposition 1 still holds due
to the separable structure of production. Speciﬁcally, the evolution of ratio x is given by the equation
ˆ x = σH [g0
1(S1) − g0
2(S2)], (18)
where σH is the elasticity of substitution of function H. The economic interpretation provided in section
2.1 for the substitution of resources in output production applies now to the substitution of resources in
energy production.
Secondly, note that in this model there are two alternative kinds of investment: in physical capital
and natural capital, although there is a diﬀerence between both types of investment: in the ﬁrst case,
investment means increasing the capital stock, while in the case of natural resources, investment means
preserving the natural capital stock. In equilibrium, the no-arbitrage condition states that the marginal
return of both investments should be the same, i.e.,
A.FK − d = θX1g0
1 (S1)+θX2g0
2 (S2)+ ˆ A + ˆ FE (19)
where θXi ≡ XiHXi/E is now the share of resource i in energy production. The left hand side of (19)
represents the (marginal) net return of physical capital (marginal productivity minus depreciation). The
right hand side represents the net return of natural capital. The two ﬁrst terms measure the growth
of both resource stocks weighted by the respective shares in energy production, in the same way as
discussed in section 2.1. The third and fourth term account for the possibility that the return of energy
could increase (or decrease if ˆ A + ˆ FE < 0) in the future because of some general technical improvement
( ˆ A) or because of some energy-speciﬁc productivity increase. Because of the no-arbitrage condition, we
have two alternative expressions for the Ramsey rule, relating the growth rate of consumption to the net










2 (S2)+ ˆ A + ˆ FE − δ
i
(20)
The ﬁrst equality is the traditional Ramsey rule and the second one is the Ramsey rule related to
natural-resources, which has basically the same interpretation we have discussed in section (2.2), modiﬁed
to incorporate the possibility of technical change and energy productivity improvements.
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where σF is the elasticity of substitution of function F and θK ≡ KFK/Y is the share of physical capital
in output production. The interpretation of equation (21) is similar to that of (6) and (18). The relative
use of capital versus energy evolves throughout the solution according to the diﬀerence between the net
marginal return of physical capital and the net marginal return of natural capital. The adjustment of
the capital-energy combination is faster the higher is the elasticity of substitution σF (i.e., the ﬂexibility
of technology F) and the lower the share of capital in production (or, equivalently, the higher the share
of energy). To interpret the negative eﬀect of θK in the adjustment speed, note that K is a state or
”sluggish” variable meaning that it takes time to increase or reduce its stock, while energy is directly
obtained from X1 and X2, which are control or ”jump” variables. As a consequence, the more (less)
heavily production depends on K,t h em o r ed i ﬃcult (the easier) it is to adjust the relative input use.
Concerning sustainability, now it is possible to have a sustainable economy even if production hinges on
an essential nonrenewable resource, because now there are some alternative mechanisms to compensate
for resource depletion and to prevent output and consumption from being declining. First, technical
change ( ˆ A) can compensate to some extent for the depletion of natural capital; second, energy can be
replaced by capital (this substitution process being determined by σF) and third, nonrenewable resources
can be replaced by renewable resources (depending on σH).
7 Conclusions and further research
We have presented a simple model in the framework of standard dynamic economic theory to raise
some essential issues concerning the substitution of renewable for nonrenewable resources in production
and the consequences of this substitution for sustainability. We focus on the interaction between two key
elements: ﬁrstly, the so-called environmental component, which is represented by the assimilative capacity
of the environment and the natural growth ability of resources; secondly, the technological component,
which is given by technical substitution possibilities. Resulting from this interaction, diﬀerent interesting
situation can show up: under some speciﬁc circumstances (positive but ﬁnite elasticity of substitution
and the renewable stock being below its maximum sustainable yield), the model predicts that renewable
resources will substitute for nonrenewables in a smooth way, but some more surprising trends can not be
discarded either. For example, if the biomass of a renewable resource is beyond the level that provides the
maximum sustainable yield, nonrenewable resources could temporarily substitute for renewables. The
model is also consistent with the possibility that it is optimal to stop extracting some resource for a given
period.
The dynamic evolution of the relative use of resources is jointly determined by the diﬀerence in the
marginal natural growth of resources and the elasticity of technological substitution of the production
process. We can draw some economic consequences from this result: ﬁrst, the optimal relative intensity
of nonrenewable resources is constant and it is fully determined by initial conditions concerning resource
scarcity and technology. Second, if production depends on resources with diﬀerent growing or regener-
ating capacity, what matters for the optimal adjustment of the resource mix is the marginal impact of
resource extraction on the natural growth rate, which in turn depends on the initial stock of the resource.
19Third, the capacity of the economy to react to the environmental component varies across diﬀerent eco-
nomic sectors and it is crucially determined by the ﬂexibility of technology. Therefore, if there are large
diﬀerences in the availability and natural growth of resources, it is particularly proﬁtable to shift to more
ﬂexible technologies, perhaps by making some directed research eﬀort.
We get a new version of the Ramsey rule, which applies when production depends on one or several
natural resources. According to this rule, output evolves depending on the balance between the marginal
productivity of natural capital and the discount rate, where the marginal productivity of natural capital
is given by the sum of the marginal natural growth weighted by the share of each resource. This condition
gives us some insight about the contribution of natural resources for sustainability. If production is fully
dependent on nonrenewable resources, output will necessarily drop and converge to zero in the long
run, where the speed of this convergence process is determined by the discount rate and the elasticity
of temporal substitution. Production is more likely to be sustainable (in the Hartwick sense) the more
relevant is the role of renewable, rather than nonrenewable resources, i.e., the larger the growing ability
of renewable resources and the larger their share in production, as compared with the discount rate of
the economy.
When dealing with natural resources, it is particularly relevant to pay explicit attention to the diﬀer-
ences between interior and corner solutions. The ﬁrst case typically arises when resources are essential
for production and it implies that resources substitute for each other in a smooth way. Corner solutions
(implying zero extraction rate for some resource), may arise if the marginal utility of a resource is lower
than the marginal valuation of its conservation for future use. We have illustrated this possibility by
showing an example in which it is optimal to make production initially fully dependent on nonrenewable
resources, in order to allow the renewable stock to regenerate. Then, after a temporal smooth substitution
process, production could hinge on renewables in the long run.
Although preferences and technology are essential to determine the speed and direction of the ad-
justment process of an economy during the transitional dynamics, the long run (steady state) stock
and extraction rate of resources is fully determined by the natural growing ability of resources and the
impatience of society, as measured by the discount rate.
When, apart from natural resources, the roles of both physical capital and technical change are taken
into account, a no-arbitrage argument shows that the return of physical capital and natural resource
investments should always be the same and, therefore, two simultaneous Ramsey rules govern the dynamic
evolution of production decisions. Furthermore, there are three key economic mechanisms that may
contribute to achieve long run sustainability: technical change, substitution of physical capital for energy
and substitution of renewable for nonrenewable resources.
Concerning future extensions and work in progress, it is interesting to explicitly account for the impact
of resource substitution on environmental quality and the generation of diﬀerent kinds of pollution and
residuals. A further line of research is that of analyzing the connections between resource management on
the one hand and waste management and recycling on the other (see, for example, Huhtala 1999, Di Vita
2001, Andr´ ea n dC e r d ´ a 2001). In a companion paper (Andr´ ea n dC e r d ´ a, 2003), we study the relevance
of having a recycling technology on resource substitution and sustainability and we show that recycling
can be of some help in the short run but, in the long run, sustainability is still crucially determined by
the natural growing ability of resources.
208 Appendix : Mathematical results
8.1 Proof of proposition 1
Deriving (5) with respect to time and dividing the result by (5) we obtain


















i =1 ,2. (22)































= −xf00(x)˙ x. (24)













F being homogeneous of degree one, its elasticity of substitution may be expressed as19
σ =
−f0(x)[f (x) − xf0 (x)]
xf(x)f00(x)
> 0. (26)
Using (26) in (25) and rearranging, we obtain (6)¥
8.2 Proof of proposition 2














































































F(X1,X 2) − 2X1FX1
F(X1,X 2)
. (29)
Substituting (29) in (27), using the deﬁnition of θi given in (9) and the Euler theorem for homogeneous











F (X1,X 2) − X1FX1
F (X1,X 2)
= δ − θ1g0
1(S1) − θ2g0
2(S2),







U0U00 ˙ Y = −η(Y )ˆ Y¥
19See, for example, Dasgupta and Heal (1974).
218.3 Proof of proposition 3
Given g1 (S1)=g2 (S2) = 0, (2) becomes ˙ λi = δλi, which is solved by λi = λi (0)eδt, λi (0) being the
initial value of λi. Using this result and the deﬁnition of Λ, we know that Λ = λ2 (0)/λ1 (0) is constant.























Rearranging, we obtain x =
θ1
1 − θ1
Λ, and using θ1 + θ2 = 1, (12) follows¥
8.4 Solution of example 3.1










− λ1X1 − λ2X2.W e ﬁrst look for
an interior solution, and then check that the constraints Xi ≥ 0 are nonbinding. Apart from the state







j − λi =0 , i,j =1 ,2 i 6= j, (30)
˙ λi
λi
= δ → λi = λi (0)eδt, i =1 ,2. (31)
Solving (30) for λ1 and λ2, deriving with respect to t and dividing the result by (30) we obtain
˙ λi
λi
=[ αi (1− η) − 1]
˙ Xi
Xi
+ αj (1 − η)
˙ Xj
Xj
, i,j =1 ,2. (32)
Equating (32) and (31), using α1+α2 = 1 and rearranging, we obtain ˆ X1 = ˆ X2 = −δ/η,w h o s es o l u t i o n
is Xi = Xi (0)e
−δ
η t. Substituting in the state equation for Si and solving the resulting equation with the
initial conditions Si (0) = S0










. From the transversality conditions
we conclude that, under the optimal solution, both resources become asymptotically exhausted. Using
this result in the expression for Xi,w eo b t a i nt h ev a l u eAi = δS0
i /η.
































































η ≥ 0 ⇐⇒ t ≥
η
δ
8.5 Solution of example 4.1













= δ − φ2, (34)
20The second order suﬃcient conditions for the maximization of the hamiltonian hold as H is strictly concave.
22and solving the equations for λ1 and λ2,w eo b t a i nλ1 = λ1 (0)eδt, λ2 = λ2 (0)e(δ−φ2)t. Solving (33) for
λ1 and λ2, taking growth rates and equating to (34), we obtain ˆ X1 = −K1, ˆ X2 = −K2,w i t h
K1 =
δ − α2φ2 (1 − η)
η
> 0, K2 =
δ − φ2 [1 − α1 (1 − η)]
η
≶ 0,
from which X1 = X1 (0)e−K1t, X2 = X2 (0)e−K2t. Substituting in the equations for ˙ S1 and ˙ S2 and




















The transversality conditions guarantee that both resource stocks get asymptotically exhausted. Using
the terminal conditions Si (T)=0a n dK2 + φ2 = K1




1 − e−K1T , X2 (0) =
(K2 + φ2)S0
2
1 − e−(K2+φ2)T =
K1S0
2
1 − e−K1T ,
Substituting in the production function, we obtain the expression for Y and deriving with respect to


















1 − η −



























δ − α2φ2 (1 − η)
, so that short term output




δ−α2φ2(1−η) holds, that is, if resource 1 is initially abundant enough with
respect to 2. If such a condition does not hold, then an increment on α1 reduces the value of Y throughout
the whole solution. The larger the proportion S0
1/S0
2, the more intensive and the longer term the positive
eﬀect of α1 on output. Nevertheless, S0
1/S0
2, and hence t∗,i sa l w a y sﬁnite, in such a way that, in the
long run, increasing α1 reduces output. Conversely, increasing α2, (the renewable resource share) may
reduce output in the short run but it does increase output in the long run (remember that α2 =1−α1).























δ − α2φ2 (1 − η)
η

















δ − α2φ2 (1 − η)
η







∂φ2 ≥ 0 ⇐⇒ t ≥ tX1, ∂X2
∂φ2 ≥ 0 ⇐⇒ t ≥ tX2, ∂Y
∂φ2 ≥ 0 ⇐⇒ t ≥ tY ,
where tX1 =
η
δ − α2φ2 (1 − η)
, tX2 =
α2η(1 − η)
[1 − α1 (1 − η)][δ − α2φ2 (1 − η)]
, tY =
η(1 − η)
δ − α2φ2 (1 − η)
.T h e
following table shows the eﬀect of φ2 on variables X1, X2 and Y :
0 ≤ t<t X2 tX2 <t<t Y tY <t<t X1 tX1 <t<∞
X1 − − − +
X2 − + + +
Y − − + +
21Substituting the value for K2 and operating we have K2 + γ2 =
δ − (1 − α1)γ2 (1 − η)
η
and, using the assumption
α1 + α2 =1 ,w eo b t a i nK2 + γ2 = K1.
23Increasing φ2 leads to reducing short term, and to increasing long term resource extraction and output,
in order to take long term advantage from the larger natural growth ability. Nevertheless, the eﬀect of
φ2 has a diﬀerent timing on each variable. The extraction rate of resource 2 begins to increase at instant
tX2, whereas resource 1 extraction begins to increase later, at instant tX1.I nt h ei n t e r v a l( tX2,t Y )t h e
X2 increment does not suﬃce to compensate the X1 drop, causing output to diminish. From tY to tX1,
although X1 is still lower than initially, the compensation by larger value of X2 allows output to increase.
From tX1on, both resource extraction rate (and, of course, output) is larger.
8.6 Solution of example 4.2






=[ a1X1 + a2X2]
1−η (35)





, and solving for S2, we conclude that, in an interior solution, we necessarily have S2 = K
2 .
U s i n g( 1 5 )a n dt h ef a c tt h a ti n i t i a l l yX2 = 0, we get the solution to the diﬀerential equation (1),









e−rt¤−1, and imposing S2 (t2)=K















1−η dt + J (t1)
subject to ˙ S1 = −X1,w h e r eJ (t1) is the value function of the problem beginning at t1. From (2) and (3)
we get ˆ X1 = −δ
η, so that the solution for X1 is X1 = X1 (0)e
− δ









η t − 1
i
















































In stage 2, S2 must be constant and equal to K





4 , and the resulting











dt + J (t2)


































































4a1 , implying that X1 jumps downwards at t1.
At time t2, resource 1 becomes exhausted and stage 3 begins. The problem is to extract resource 2








subject to (1) with initial condition S2 (T2)=K
2 . Manipulating the ﬁrst order conditions, we can fully
describe the dynamics of the problem with the following dynamic system:



















By setting ˙ S2 = ˙ X2 = 0 we obtain a unique steady state given by ¯ X2 =
K(r2−δ2)







which can be proved to be saddlepoint stable by studying the eigenvalues of system (37) evaluated at
¡ ¯ X2, ¯ S2
¢
. It is not possible to have an analytical solution for system (37) and, speciﬁcally, we can





. For every parameter combination, it is
possible to get a numerical solution by imposing the stability condition in (37). Although we do not have
a closed solution for X2 in the period (t2,∞), by noting that the steady state value ¯ S2 is lower than
S2 (t2)=K




must hold for some time after t2.









































































> 0, X2 jumps upwards at t2.
8.7 Proof of proposition 4
First, we need to express the optimal value of the control variables as a function of the state and costate





























If the Hamiltonian is strictly concave, then D = AC −B2 > 0 and the Implicit Function Theorem guar-
antees the local existence of the C(2) functions
Xi = ˆ Xi(λ1,λ2),i =1 ,2, (40)






















25Substituting (40) in (1) we have
˙ Si = gi(Si) − ˆ Xi(λ1,λ2), i =1 ,2 (42)
which, together with (2), form the canonical or modiﬁed Hamiltonian dynamical system. Following
Dockner (1985), we make a ﬁrst order approximation at a steady state. Deriving (2) and (42) with































































     

. (43)
Following Dockner (1985) and Tahvonen (1989) the necessary and suﬃcient conditions for local saddle-
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¯ ¯ ¯ ¯ ¯ ¯
.
















,w h e r eD is the
determinant of the Hessian matrix of the Hamiltonian, assumed to be positive. In an interior solution,






< 0. |J| > 0 requires that g00
1 and
g00
2 are diﬀerent from zero and have the same sign, whereas K<0 requires such a sign to be negative.
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Figure 1: X1 (t)a n dX2 (t) in example 4.2
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